Abstract. We consider representation varieties in SL 2 for lattices in solvable Lie groups, and representation varieties in sl 2 for finite-dimensional Lie algebras. Inside them, we examine depth 1 characteristic varieties for solvmanifolds, respectively resonance varieties for cochain Differential Graded Algebras of Lie algebras. We prove a general result that leads, in both cases, to the complete description of the analytic germs at the origin, for the corresponding embedded rank 2 jump loci.
Introduction and statement of results
Jump loci are basic objects in geometry, topology and group theory. They appear in the following way. Let M be a connected, compact differentiable manifold (up to homotopy), with fundamental group π. Let ι : G Ñ GLpV q be an algebraic representation of complex linear algebraic groups. The representation variety Hompπ, Gq is an affine variety with distinguished basepoint 1, the trivial group homomorphism. It encodes the representation theory of π into G. Furthermore, it comes equipped with a collection of closed subvarieties: the characteristic varieties (or jump loci) in degree i and depth r (1) V i r pM, ιq " tρ P Hompπ, Gq | dim H i pM, ιρ V q ě ru , which stratify the local systems on M with typical fiber V that factor through ι, according to the dimension of the corresponding twisted cohomology of M . This rich structure contains valuable information on the geometry and topology of M . The rank one case (when ι " id Cˆ) received a lot of attention. The corresponding characteristic varieties, denoted simply by V i r pM q, are the topological counterpart, for r " 1, of the loci defined in algebraic geometry by Green and Lazarsfeld in [9, 10] , when M is a complex projective manifold. Results of Arapura [1] , further refined in [6] , show how the regular maps from M onto curves of general type may be recovered from the geometry of the variety V 1 1 pM q, when M is supposed merely quasi-projective. In topology, it is known that the rank 1 jump loci V i 1 pM q control delicate finiteness properties of Alexander-type invariants of M . This fact was used in [4, 3] to obtain significant results on certain important subgroups of mapping class groups of closed Riemann surfaces.
The rank two case (when G is SL 2 pCq or PSL 2 pCq) is considerably more difficult. Indeed, the universality theorem of Kapovich and Millson [13] shows that the varieties Hompπ, PSL 2 pCqq have arbitrarily bad singularities away from 1, when π runs through the family of Artin groups. At the same time, the large number of applications of this case makes it very interesting. For example, a recent result from [23] establishes a connexion between the rank 2 case and a difficult open problem about the monodromy action on the Milnor fiber homology of a complex hyperplane arrangement.
In this note, we approach analytic germs at 1 of representation varieties and jump loci through the prism of the main result from [5] . The idea is to replace M by a model A " pA . , dq:
a connected, finite-dimensional Commutative Differential Graded Algebra (for short, a cdga) having the same Sullivan minimal model [25] In what follows, we will denote by X pxq the analytic germ at x of an affine variety X . Theorem B from [5] establishes an isomorphism Hompπ, Gq p1q » F pA, gq p0q that identifies V i r pM, ιq p1q with R i r pA, θq p0q for all i, r, when A models M . We are going to examine topological and algebraic Green-Lazarsfeld loci, corresponding to r " 1. In the rank 1 case, we will drop ι and θ from notation.
To state our first main result, we need to recall two constructions from [18] (see also Section 2). The Zariski closed subset F 1 pA, gq Ď F pA, gq consists of those flat connections of the form ω " η b g with dη " 0. The additional condition det θpgq " 0 defines the Zariski closed subset ΠpA, θq Ď F 1 pA, gq. In Section 3, we apply this general result to a discrete, co-compact subgroup Γ of a 1-connected solvable real Lie group S and the associated aspherical solvmanifold M " S{Γ. It leads to the following complete description of embedded germs at 1 of rank two topological Green-Lazarsfeld loci, for solvmanifolds. (In what follows, we denote by PpHq the projective space of a vector space, and by V pf q the zero set of a polynomial.) Theorem 1.2 (Theorem 3.3). Let M " S{Γ be a solvmanifold and let ι : G Ñ GLpV q be a rational representation of a complex, semisimple linear algebraic group of rank 1, with tangent map θ : sl 2 Ñ glpV q. Then the germ at 1 of HompΓ, Gq is isomorphic to the germ at 0 of the cone on PpH 1 pM qqˆPpsl 2 q, and the embedded topological Green-Lazarsfeld germs are given by
This extends the computation done in [18] for nilmanifolds, by replacing Nomizu's model [21] of such a manifold with a model found by Kasuya [14] for an arbitrary solvmanifold. As explained in [24] , lattices in solvable Lie groups are much more complicated than those in nilpotent Lie groups. Nevertheless, Theorem 1.1 makes things work well. Note that the first assumption from Theorem 1.1 (on rank one resonance) also appears in Theorem 1 from [7] : it is equivalent to the fact that all completed Alexander invariants of M are finite-dimensional, for an arbitrary compact manifold M modeled by A. To check it for solvmanifolds, we prove in Theorem 3.5 a result of independent interest: each rank one characteristic variety V 
Vanishing rank one resonance
We start by isolating a useful property of rank 1 resonance. In the sequel, this will enable us to treat simultaneously the germs at the origin of rank 2 jump loci, for both solvmanifolds and Lie algebras.
First, we need to review a couple of basic definitions and facts related to algebraic jump loci, following [5] and [18] . Unless otherwise mentioned, our ground ring will be C.
Let A " pA . , dq be a cdga, whose defining axioms capture the essential algebraic features of the de Rham algebra of a differentiable manifold. Our standard assumption is that A is finitedimensional (as a vector space) and connected (i.e., A 0 " C¨1). For a finite-dimensional Lie algebra g, we denote by F pA, gq Ď A 1 b g the variety of g-valued flat connections on A, given by the solutions of the Maurer-Cartan equation, dω`1 2 rω, ωs " 0. This construction gives a Zariski closed subset of A 1 b g containing the distinguished point 0, and is natural in both A and g. When g is abelian, F pA, gq " H 1 pAq b g. Otherwise, the singularity F pA, gq p0q can be pretty complicated. We will denote F pA, Cq simply by F pAq. Now, let θ : g Ñ glpV q be a finite-dimensional Lie representation with V ‰ 0. For ω P F pA, gq, the covariant derivative d ω acts on A . b V (via θ), and d 2 ω " 0. We may thus speak for each degree i about the descending filtration of F pA, gq by the depth r resonance varieties
which are Zariski closed in F pA, gq. We are going to pay particular attention to the depth 1 resonance varieties, since their germs at 0 are isomorphic to the germs at 1 of the corresponding topological Green-Lazarsfeld loci V i 1 pM, ιq, when A models M . The simplest case is the rank one case, corresponding to θ " id C , when R i r pA, θq Ď F pA, Cq is denoted simply by R i r pAq Ď F pAq, and F pAq " tη P A 1 | dη " 0u, since A is connected. This case is much more studied than the non-abelian situation. Our starting point in this note is to identify properties of rank 1 resonance that give valuable information on higher rank resonance. A simple useful remark in this direction, made in [18] , is that
More information comes from considering the quadratic map
, and the (essentially) rank one part F 1 pA, gq :" P pH 1 pAqˆgq, which is Zariski closed in F pA, gq and contains the origin 0. Define ΠpA, θq :" P pH 1 pAqˆV pdet˝θqq, where det : glpV q Ñ C is the deteminant. Again, ΠpA, θq is Zariski closed in F 1 pA, gq and contains 0. Moreover, as shown in [18] , H i pAq ‰ 0 implies that
1 pA, θq . This higher rank resonance bound actually follows from a more precise result. As is well-known, the rank one part,
given in coordinates by the image of the quadratic map
To describe the other fibers, let us consider the Cˆ-action defined by t¨px, yq " pt´1x, tyq, for t P Cˆ. Then P px, yq " P px 1 , y 1 q if and only if px, yq and px 1 , y 1 q lie in the same Cˆ-orbit, when P px, yq ‰ 0. We will use the following nice property of the regular map (6).
Lemma 2.2. A regular function f on C
MˆCN factors through the surjection P :
and only if f is Cˆ-invariant. If this is the case, then the (unique) quotient function
Proof. If f factors, then clearly f is Cˆ-invariant, since P pt¨px, yqq " P px, yq, for all t P Câ nd px, yq P C MˆCN . Conversely, Cˆ-invariance means that the polynomial f is of the form f px, yq " ř |I|"|J| c IJ x I y J where pI, Jq P N MˆNN . This plainly implies factorization, according to the above description of the fibers of P . The second claim follows from the fact that the algebra of Cˆ-invariant polynomials is generated by the monomials x i y j . Definition 2.3. We say that the cdga A has trivial resonance in degree i if 0 is an isolated point of R This property has the following significant higher rank consequence. Proof. By (3) and (5), we know that 0 P ΠpA, θq Ď R i 1 pA, θq X F 1 pA, gq. Set m " dim V and consider the polynomial function on A 1ˆCm , r f pη, λq " ś m i"1 ϕ 0 pλ i ηq, where ϕ 0 is chosen as in definition 2.3. Since r f is symmetric in λ, r f pη, λq " f pη, gq for some regular function f on A 1ˆg , where λ 1 , . . . , λ m are the eigenvalues of θpgq. We may thus apply Lemma 2.2 to the quadratic map (4) .
Let us check that f factors through P . If η " 0 or g " 0, then clearly f pη, gq " ϕ 0 p0q m . It is equally clear that f pt´1η, tgq " f pη, gq. Hence, we may find a regular function F on A 1 b g such that F˝P " f and F p0q " ϕ 0 p0q m ‰ 0. Our claim will follow from the inclusion R
To prove this inclusion, assume that ω P R i 1 pA, θq, where ω " η b g with dη " 0, η ‰ 0 and det θpgq ‰ 0. We infer from Theorem 2.1 that there is an eigenvalue λ j ‰ 0 of θpgq such that λ j η P R i 1 pAq. Therefore, ϕ 0 pλ j ηq " 0, according to definition 2.3. By the construction of f , 0 " r f pη, λq " f pη, gq. Finally, the factorization property of f implies that f pη, gq " F pωq, and we are done.
Under an additional hypothesis, the above result implies that the bound (5) is sharp, at the level of germs at the origin.
Corollary 2.5. If A has trivial resonance in degree i and F pA, gq p0q " F 1 pA, gq p0q , then R i 1 pA, θq p0q " ΠpA, θq p0q , for any representation θ : g Ñ glpV q. The trivial resonance property is also related to delicate finiteness properties of Alexander invariants of spaces [22, 7] . As shown in [22] , examples abound. More precisely, the cdga's with d " 0 and fixed Betti numbers dim A i may be viewed as the points of an affine variety. On this parameter space, triviality of resonance in degree i is a Zariski open condition. Moreover, for i " 1 and dim A 2 ě 2 dim A 1´3 ě´1, this open set is non-void. In the next sections, we will exhibit new classes of examples, with trivial resonance and non-zero differential.
Example 2.6. For n ě 2, let M " Cztn pointsu be the classifying space of a finitely generated free non-abelian group. It is well-known that in this case A " pH . pM q, d " 0q is a model of M , and R 1 1 pAq " C n . Hence, A does not have trivial resonance in degree 1. This simple example also shows that the second assumption from Corollary 2.5 is not always satisfied. Indeed, for an arbitrary cdga A " pA . , dq and ω "
In our example, (7) shows that F pA, gq " A 1 bg. When dim g ą 1, it follows that F pA, gq p0q ‰ F 1 pA, gq p0q .
Solvmanifolds
In this section, we apply the general theory to solvmanifolds, where it leads to a complete description of germs at 1 for both varieties of SL 2 -representations and topological Green-Lazarsfeld loci. We also show that the rank one topological Green-Lazarsfeld sets of virtually polycyclic groups are finite.
A solv-lattice is a discrete, co-compact subgroup Γ of a 1-connected solvable real Lie group S, giving rise to the compact, aspherical solvmanifold M " S{Γ, with fundamental group Γ. For such a manifold, Kasuya constructed in [14] a connected, finite-dimensional cdga model. Since the details are rather complicated, we are going to extract only the properties of the Kasuya model A of M that are relevant to our study, following [14, 16] .
Let n be the nilshadow of the solvable Lie algebra s of S. The model A . is a sub-cdga of the Chevalley-Eilenberg cochain algebra of the finite-dimensional nilpotent Lie algebra n b C,
Proof. Since A . Ď B . , equation (7) readily implies that F pA, gq " F pB, gq X A 18] . Our claim follows.
To verify triviality of resonance for Kasuya models, we will use a general result from [7] , which we now recall. Let M be a connected, finite CW-complex, with fundamental group π and universal abelian cover M ab . Proof. By the above discussion and (3), it is enough to show that the vector space H.pGq is finite-dimensional, for any subgroup G Ď Γ. This in turn will follow from results in [24, Chapters III-IV]. We know that the solv-lattice Γ is a polycyclic group, by [24, Proposition 3.7] . Hence, G must be polycyclic [24, Remark 4.2] . According to Theorem 4.28 from [24] , G contains as a normal subgroup of finite index a solv-lattice Γ 0 , with associated (compact) solvmanifold M 0 . A transfer argument shows then that H.pGq is a quotient of H.pΓ 0 q " H.pM 0 q, and we are done.
We may now describe germs at 1 of non-abelian topological Green-Lazarsfeld loci for solvmanifolds, as follows. Note that the complete description of embedded non-abelian jump loci from Theorem 3.3 depends only on θ and the untwisted Betti numbers of M , and extends the similar result on nilmanifolds obtained in [18] .
Example 3.4. When the Lie group S is nilpotent, a remarkable result of Dixmier [8] says that the untwisted Betti numbers of M have no gaps, i.e., b i pM q ‰ 0 for all i ď dim M . This no longer holds for solvmanifolds. Indeed, Kasuya constructed in [14, Example 10.4], for every s ě 1, a solvmanifold M of dimension 2s`2 with the property that b s`1 pM q " 0.
We close this section by examining the rank one jump loci of virtually polycyclic groups. Let M be a connected CW-complex with finite 1-skeleton and (finitely generated) fundamental group π. Denote by TpM q :" Hompπ, Cˆq " Hompπ ab , Cˆq the affine character torus, corresponding to the case ι " id Cˆ. For ρ P TpM q, let C ρ be the associated rank 1 local system on M , identified with the right π-module C ρ , where z¨g " zρpgq, for z P C and g P π. As noted in [18] , the rank 1 jump loci (the characteristic varieties V i r pM q) are given by (8) V i r pM q " tρ P TpM q | dim H i pM, C ρ q ě ru . When M is aspherical, we will replace it by π in the notation. Our goal is to prove the following.
Theorem 3.5. If π is a virtually polycyclic group, then the characteristic variety
This extends a result from [17] , where it was shown that Ť iě0 V i 1 pπq " t1u, when π is a finitely generated nilpotent group. At the same time, this gives a more precise version of Lemma 3.2, when M " S{Γ is a solvmanifold (aspherical, with polycyclic fundamental group Γ) with cdga model A, since V i r pM q p1q » R i r pAq p0q , by the main result of [5] . Theorem 3.5 was proved for solv-lattices by Kasuya in [15] , using a different method.
We begin by pointing out a useful virtual property, for characteristic varieties of groups. Proof. Clearly, f ab : K ab Ñ G ab has finite index image. By the exactness of the T-functor, fh as finite kernel, which proves the first assertion. For ρ P TpGq, a transfer argument (see [2, III.9] ) shows that f.: H.pK, C f˚ρ q Ñ H.pG, C ρ q is surjective, whence our second claim. The last property follows from the first two.
If π is virtually polycyclic, it contains a finite index subgroup π 0 which is polycyclic with infinite cyclic quotients in a composition series, by [24, Lemma 4.6] . Due to Lemma 3.6, we may thus assume in Theorem 3.5 that π is actually poly-Z, and argue by induction on the length of a composition series.
The induction step goes as follows. Let α be an automorphism of a finitely generated group G. Denote by G α the semidirect product G¸α Z and consider the exact sequence
We are going to use, for a G α -module U , the Hochschild-Serre spectral sequence of the group extension (9) ([2, p. 171]), (10) E 2 st " H s pZ, H t pG, Uùñ H s`t pG α , U q , which collapses at the E 2 -term. We denote by τ " σp1q P G α the lift of 1 P Z to G α , via the canonical section σ of p.
We start by using trivial coefficients Z, to describe character tori. We find that pG α q ab » C'Z, where C denotes the coinvariants of α ab acting on G ab . Thus, ρ P TpG α q is identified with pχ, λq P TpCqˆCˆ, χ is identified with j˚ρ P TpGq, and λ " ρpτ q.
For U " C ρ , the spectral sequence (10) collapses to the isomorphism
Moreover, the action of 1 P Z on H.pG, C χ q may be described as follows, cf. [2, p. 171 and p. 78-79]. Note that α : G Ñ G is conjugation by τ . Let pα, idq : pG, C χ q Ñ pG, C χ q be the automorphism in the category of coefficients associated to α and id C . Then the right action of 1 P Z on H.pG, C χ q is given by λ¨pα, idq´1 . Proof. This is a straightforward consequence of the spectral sequence (10). Proof. By definition (8), ρ P V i 1 pG α q if and only if H i pG α , C ρ q ‰ 0. We infer from (11) that H i pG α , C ρ q ‰ 0 if and only if 1 is an eigenvalue for the monodromy action of 1 P Z on either H i pG, C χ q or H i´1 pG, C χ q. Our claim follows.
Proof of Theorem 3.5. As noticed before, we may assume that π is poly-Z. We suppose inductively that the group G from (9) has the finiteness property from Lemma 3.7, and Theorem 3.5 holds for G. We will finish the induction by showing that both properties are inherited by G α . Lemma 3.7 takes care of the first property. We may use then Lemma 3.8 to deduce that, if ρ P V i 1 pG α q, then χ " j˚ρ belongs to the finite set
pGq, and the second component of ρ, λ, is among the finitely many eigenvalues of pα, idq˚q acting on H q pG, C χ q, for q " i or i´1. This completes our proof. l
Lie algebras
The tools developed in Section 2 also enable us to describe completely the germs at 0 of both sl 2 -valued flat connections and their depth 1 resonance subvarieties, for cochain cdga's of finite-dimensional Lie algebras.
By a result of Hattori [11] , the cdga A . " C . ps b Cq is a model for the solvmanifold S{Γ, when the Lie algebra s of S is completely solvable. Due to Lemmas 3.1 and 3.2, the comparison theorem with the corresponding topological germs at 1 from [5] implies that F pA, sl 2 q p0q " F 1 pA, sl 2 q p0q and A has trivial rank one resonance. Therefore, Corollary 2.5 may be used for the cochain cdga A and g " sl 2 . In what follows, we aim at extending this approach to an arbitrary cochain cdga A " C . h, assuming only that the Lie algebra h is finite-dimensional. We refer the reader to [12, Chapters VII-VIII] for basic facts related to Lie algebra (co)homology.
Note that C . h " p Ź . h˚, dq has the exterior algebra on the dual vector space h˚as underlying commutative graded algebra, hence C . h is connected and finite-dimensional. Denoting by H . ph, U q the Lie cohomology of h with coefficients in the h-module U , note also that H . pChq is the Lie cohomology of h with trivial C-coefficients, denoted simply by H . phq. Hence, F pC . hq " H 1 phq. We will need a couple of results on jump loci of cochain cdga's from [18] . First, for any finitedimensional Lie algebra g, there is a natural isomorphism between the variety F pC . h, gq and the
Lie representation variety
We may now establish the Lie analog of Theorem 3.5. We know from [18] that F pC . h, sl 2 q " F 1 pC . h, sl 2 q, when h is nilpotent. Now, we have to prove that F pC . h, sl 2 q p0q " F 1 pC . h, sl 2 q p0q , in general. We will use the standard basis of sl 2 , tH, X`, X´u (where H is diagonal with EigenpHq " t˘1u), for which rX`, X´s " H and rH, X ǫ s " 2ǫX ǫ .
We start by analyzing a simple metabelian case: h " V¸αC, where V is abelian and α P glpV q. It is easy to check that h is non-nilpotent if and only if α has a non-zero eigenvalue. Choose a basis tz i u of V for which α is in Jordan normal form. For an eigenvalue λ P Eigenpαq, and an r-Jordan block of type λ, V pλq, αz 1 " λz 1 and αz i " λz i`zi´1 for 1 ă i ď r. We will use the basis tz i , uu for h, where u corresponds to 1 P C.
For ϕ P Repph, sl 2 q, we know that, on V , ϕz i " t i Z with t i P C, for some Z P sl 2 , since V is abelian. We set ϕu " U P sl 2 . When h is not nilpotent, we denote by f the regular function on Homph, sl 2 q defined by f pϕq " ś pdet U`λ 2 4 q, where the product is taken over the non-zero eigenvalues λ P Eigenpαq. Clearly, f p0q ‰ 0. Lemma 4.2. For h " V¸α C as above, the following hold.
(1) Assuming that h is non-nilpotent, ϕ P Repph, sl 2 qz Rep 1 ph, sl 2 q if and only if there is 0 ‰ λ P Eigenpαq and ǫ P t˘1u such that ϕ has the following form (up to GL 2 -conjugation):
‚ ϕu " λ 2ǫ H; ‚ ϕ " 0, on each Jordan block V pλ 1 q with λ 1 ‰ λ; ‚ on each r-Jordan block V pλq, ϕz i " t i X ǫ for 1 ď i ď r, with t i " 0 for i ă r; ‚ t r ‰ 0, for at least one such block V pλq. Furthermore, in this situation f pϕq " 0. Proof. Part (1). The rank condition on ϕ translates to the fact that ranktU, Zu " 2 plus the property that the vector t " pt 1 , . . . , t r q is non-zero for at least one Jordan block. Clearly, ϕ P Repph, sl 2 q if and only if, for every r-Jordan block V pλq, ϕαz i " ϕru, z i s " t i rU, Zs, for 1 ď i ď r. In more detail, this means that (15) λt 1 Z " t 1 rU, Zs and pλt i`ti´1 qZ " t i rU, Zs , for 1 ă i ď r .
When t ‰ 0, (15) may be solved as follows. Let i be the first value for which t i ‰ 0. We deduce from (15) that rU, Zs " λZ. Since Z ‰ 0, it follows that (15) is equivalent to t i " 0 for 1 ď i ă r.
We are left with solving the equation rU, Zs " λZ, which implies that λ ‰ 0, since otherwise our assumption ranktU, Zu " 2 would be violated. This in turn forces det U ‰ 0. Indeed, otherwise U would be nilpotent, hence ad-nilpotent, which implies λ " 0. Thus, we may assume that U " tH with t P Cˆ, modulo GL 2 -conjugation. This implies that we may also assume Z " X ǫ for some ǫ P t˘1u and t " λ 2ǫ . Plainly, rtH, X ǫ s " λX ǫ . This completes our explicit description of Repph, sl 2 qz Rep 1 ph, sl 2 q. The property f pϕq " 0 becomes a direct consequence of the construction of f , since det H "´1.
Part (2) . If h is nilpotent, the claim is proved in [18] . If h is non-nilpotent, then Repph, sl 2 q ‰ Rep 1 ph, sl 2 q, by Part (1).
At the next step, we settle the solvable case. This implies that ϕpV q is 1-dimensional, since V is abelian. By our nilpotence assumption, we infer that ϕu i P ϕpV q for all i, whence ϕ P Rep 1 ps, sl 2 q, as claimed. Thus, we may assume that h i is non-nilpotent, for some i. For each such i, let f i be a regular lift to Homps, sl 2 q of the polynomial function f on Homph i , sl 2 q from Lemma 4.2(1). Let V pF q Ď Homps, sl 2 q be the zero set of F :" ś f i , which clearly does not contain 0. We claim that we may take W " p˚W 1 Y V pF q. Indeed, let ϕ P Repps, sl 2 qz Rep 1 ps, sl 2 q be arbitrary. If ϕ P p˚Repph, sl 2 q Ď p˚Rep 1 ph, sl 2 q Y p˚W 1 , we are done. If ϕ R p˚Repph, sl 2 q, pick i such that ϕ i R Rep 1 ph i , sl 2 q, where ϕ i denotes the restriction of ϕ to h i , using an argument as before. In particular, h i is non-nilpotent. By Lemma 4.2(1), f i pϕq " 0. Therefore, F pϕq " 0, which completes our proof. Now, we describe a procedure that reduces the study of germs at 0 of arbitrary Lie representation varieties to the case when the domain is solvable. We begin with the semisimple case.
Lemma 4.4. Let g be a semisimple and k be an arbitrary finite-dimensional Lie algebra. Then Reppg, kq p0q " t0u.
Proof. By Ado's theorem, k may be embedded in glpV q, for some finite-dimensional vector space V . Note that GLpV q acts by conjugation on Reppg, glpV qq, and the GLpV q-orbit of 0 is t0u. By a classical result of Nijenhuis and Richardson [20, p. 3] , Reppg, glpVis the union of finitely many Zariski closed GLpV q-orbits, provided g is semisimple. (This is due to the fact that H 1 pg, U q " 0 when dim U ă 8, see [12, p. 247 ].) Our claim follows then from the obvious equality Reppg, kq " Reppg, glpVX Hompg, kq.
For an arbitrary finite-dimensional Lie algebra h, pick a Levi decomposition h " s¸α g, with s solvable, g semisimple and α a Lie homomorphism from g to the Lie algebra of derivations, Derpsq Ď glpsq. Let k be another finite-dimensional Lie algebra. The semi-direct product structure of h implies that the map ϕ P Homph, kq Þ Ñ pΦ :" ϕ |s , Ψ :" ϕ |g q P Homps, kqˆHompg, kq identifies the variety Repph, kq with the Zariski closed subset of Repps, kqˆReppg, kq given by the equations (16) Φpαpyqxq " rΨy, Φxs , for x P s and y P g .
Denote by r s the (solvable) quotient of s by the Lie ideal generated by αpyqx, for x P s and y P g. Let q : s ։ r s be the quotient map. Consider the regular map (17) Q : Reppr s, kq ãÑ Repph, kq , which sends r Φ to pq˚r Φ, 0q. It follows from (16) that Q identifies the variety Reppr s, kq with the Zariski closed subvariety Repph, kq X Repps, kqˆ0. Proof. By the above discussion, it is enough to show that, for pΦ, Ψq P Repph, kq near the origin, Ψ " 0. This follows from Lemma 4.4. Corollary 4.6. For any finite-dimensional Lie algebra h, F pC . h, sl 2 q p0q " F 1 pC . h, sl 2 q p0q .
Proof. We have to show that Repph, kq p0q " Rep 1 ph, kq p0q , when k " sl 2 . For ϕ " pΦ, Ψq P Repph, kq near 0, we know from Proposition 4.5 that Ψ " 0 and Φ " q˚r Φ with r Φ P Reppr s, kq near 0. Lemma 4.3 implies that dim imp r Φq ď 1, and therefore dim impΦq ď 1. We deduce that ϕ P Rep 1 ph, sl 2 q, which completes the proof.
We end with the following Lie analog of Theorem 3.3. 
